In connection with the recent proposal for possible singularity formation at the boundary for solutions of three-dimensional axisymmetric incompressible Euler's equations (Luo and Hou, Proc. Natl. Acad. Sci. USA (2014)), we study models for the dynamics at the boundary and show that they exhibit a finite-time blowup from smooth data.
Introduction
In this paper we study a one-dimensional model introduced in [20] (also see [21] ) in connection with incompressible Euler equations. The study of one-dimensional models for hydrodynamical equations has a long history, going back to the works of Burgers [4] and Hopf [17] . A slightly different type of one-dimensional model, originating, as far as we know, with the paper of [8] , was introduced to illustrate effects of vortex stretching. The equations studied in this paper are related to these works, and we will link some of the models to the boundary behavior of fluid flows. The link is not perfect but useful.
Important modifications of the original model of [8] were proposed by [12, 13] and somewhat differently motivated work of [10] . All these works include modeling of two important features of incompressible flow:
(i) the vorticity transport (either as a scalar, as in two-dimensional Euler, or as a vector field, as in three-dimensional Euler, with the vector field transport also covering the vortex stretching), and (ii) the Biot-Savart law, which expresses the velocity field that transports the vorticity in terms of the vorticity itself.
In the present paper the "vorticity" ! will be mainly considered as a scalar function !.x; t/ of time and a one-dimensional variable x on either the real line R or the one-dimensional circle S 1 , the latter case corresponding to periodic boundary conditions. The Biot-Savart law will be taken as
where H is the Hilbert transform. In this setting one can consider the equation (1.2) ! t g u! x h 0;
which has many properties similar to the two-dimensional Euler. We will see below that a natural (approximate) interpretation of this model is in terms of the dynamics at the boundary for the full two-dimensional Euler flows in smooth domains with boundaries. Model (1.1)-(1.2) is not studied in the works mentioned above. However, one can prove that it shares many properties with the two-dimensional Euler equation, including the global existence and uniqueness of solutions (in suitable classes) for L I initial data, as in [28] , and the double exponential growth of ! x for certain smooth data, similar to [19] . These topics will be addressed elsewhere. Here we will focus on singularity formation for natural extensions of the "two-dimensional Euler model," which in some sense take us from two-dimensional Euler to threedimensional axisymmetric Euler with swirl or two-dimensional Boussinesq.
In [10] the Biot-Savart law is taken as u h H!:
With this Biot-Savart law, equation (1.2) is more akin to the surface quasi-geostrophic (SQG), which was proposed as a model for three-dimensional Euler in [9] under slightly different terminology. While the singularity formation for the SQG equation remains open, it was shown in [10] that the one-dimensional model can develop a singularity from smooth initial data in finite time.
In [12, 13] , the Biot-Savart law is taken as in (1.1), but the vorticity is considered as a vector field !.x; t/ 
! t g u! x h u x !:
We can also write it in terms of the usual Lie bracket for vector fields as (1.4) ! t g u; ! h 0;
just like the three-dimensional Euler. The question of global existence of smooth solutions for smooth initial data for the one-dimensional model (1.4) with (1.1) appears to be open. A generalization of the model (1.3) was studied in [23] and also in [5] ; see the table below.
As pointed out in [12] , the model considered in [8] can be written as
with the Biot-Savart law (1.1), which is of course the same as (1.3) without the "transport term" (in the scalar sense) u! x . As shown by [8] , this model can blow up in finite time from smooth data. In this paper we will mostly study the model obtained from (1.1) and (1.2) by adding an additional variable h .x; t/ (which can be thought of as temperature in the two-dimensional Boussinesq context or the square of the swirl component u of the velocity field in the three-dimensional axisymmetric case) and considering equations
(1.5a) t g u x h 0:
A discussion of connections to three-dimensional axisymmetric Euler flows with swirl or two-dimensional Boussinesq flows is included in the next section. Aspects of the model have been discussed in [18] , and we will refer to the model as the HL model. One of our main results is that this model can exhibit finite-time blowup from smooth initial data.
In addition to this model, we will also discuss its variant where the Biot-Savart law (1.1) is replaced by a simplified version that still captures important features of (1.1) in the situation when !.x; t/ is odd in x:
This model was studied by [6] , and we will refer to it as the CKY model. Our proof of finite-time blowup for the CKY model relies on the local aspect still present in the simplified Biot-Savart law, namely, that .u.x/=x/ x h !.x/=x.
This observation allows us to construct an entropy-like functional to capture the blowup. The proof of finite time blowup for the full HL model is subtler, as the Biot-Savart law is now fully nonlocal. The proof is based, at heart, on a nontrivial and not readily evident sign definite estimate for certain quadratic forms associated with the solution. These estimates are novel and intriguing to us, as they provide a blueprint of what one might have to look for in order to understand the full threedimensional dynamics. We summarize the above discussion in a In accordance with principles governing the so-called secondary flows [24] (see also the paper by [14] ), the initial condition leads a (schematic) picture in the x´-plane shown in Figure 2 .2, in which we also indicate the point where a conceivable finite-time singularity (or at least an extremely strong growth of vorticity) is observed numerically. The singularity was not predicted by the classics, who were mostly concerned with slightly viscous flows. In the presence of viscosity the scenario of singularity formation discussed here can be ruled out, due to well-known regularity criteria for the Navier-Stokes equations near boundaries, such as [25] or [16] . with the understanding that u r ; u´are given from ! via the Biot-Savart law (which follows from the equations curl u h !, div u h 0, together with the boundary condition u ¡ n h 0 and suitable decay at I or, respectively, periodicity in´).
See, e.g., [22] for more details. We will link these equations to the system (1.5).
A somewhat similar scenario can be considered for the two-dimensional Boussinesq system in a half-space h f.x; y/ P R ¢ .0; I/g (or in a flat half-cylinder h S 1 ¢ .0; I/), which we will write in the vorticity form:
(2.2a) t g u x x g u y y h 0:
Here u h .u x ; u y / is obtained from ! by the usual Biot-Savart law (which follows from the equations curl u h ! and div u h 0, the boundary condition u ¡ n h 0 at @, and/or suitable decay at I), and represents the fluid temperature.
It is well-known that this system has properties similar to the axisymmetric Euler, at least away from the rotation axis, with playing the role of the square of the swirl component u (in standard cylindrical coordinates) of the velocity field u.
For the purpose of comparison with the axisymmetric flow, Figure 2 .2 should be rotated by 2 , after which it resembles the situation in Figure 2 .3. We see that both in the three-dimensional axisymmetric case and the two-dimensional Boussinesq the best chance for possible singularity formation seems to be at the points of symmetry at the boundary, and this is where we will focus our attention.
Note that (2.2) restricts well to the boundary f.x; y/ y h 0g, which can be identified with the real line. At the boundary we can write with a slight abuse of notation u $ .u.x/; 0/, and we see that the system would close (as a system on the real line) if we could express the boundary velocity u.x/ via the restriction of ! to the boundary.
Similar considerations apply to (2.1) when we restrict the equations to the boundary of given by, say, r h 1. The restricted equations will look the same as the restricted Boussinesq equations, after the identifications x 6´, 6 .u / 2 , ! 6 ! , and u x 6 u´, with the understanding that the Biot-Savart is not quite identical, although the leading terms at the boundary are similar.
To obtain a closed one-dimensional model, we need a way to model the BiotSavart law. The most natural way to do so is probably to assume that ! is (nearly) constant in y close to the boundary, and discount the influence from the rest of the fluid. Let us assume the thickness of the layer where ! is constant in y is a > 0.
We adopt a convention that positive vorticity generates clockwise rotation. 1 Under these assumptions it is easily seen that a reasonable one-dimensional model of the One could work with this kernel, but we will simplify it to
This kernel has the same singularity at 0 and gives exactly the Biot-Savart law (1.1). The somewhat unnatural behavior of k for large x will be alleviated by our symmetry assumptions. We see that one-dimensional models discussed in the previous section can be interpreted, to some degree, as the boundary dynamics for twodimensional flows or three-dimensional axisymmetric flows with swirl. A similar (although somewhat less straightforward) calculation can be carried out in the axisymmetric case, leading again to kernel (2.3), as can be expected from the fact that the leading-order terms in the corresponding elliptic operators are the same.
We acknowledge that the assumptions made in the above derivation of the model do not perfectly capture the situation near the boundary. For example, in the axisymmetric case with the boundary at r h 1, instead of being roughly constant in r for r slightly below 1, the solution ! obtained from numerical simulations was observed to exhibit nontrivial variations [20] . Nonetheless, according to the preliminary numerical evidence reported in [21, sec. 5] , the solution of the onedimensional model (1.5) on S 1 appears to develop a singularity in finite time in much the same way as the full simulation of the axisymmetric flow. This supports the relevance of the one-dimensional model for the finite-time blowup of the full three-dimensional problem.
Statement of the Main Results
The HL model (1.5) has the scaling invariance (2.4) !.x; t/ 3 !.x; t/; u.x; t/ 3 1 u.x; t/; .x; t/ 3
.x; t/;
and is invariant under the translation 3 g const. This suggests that the critical space for the local well-posedness of the model should be
It is not clear if the equation is locally well-posed in these spaces. 2 From the wellposedness proofs of the Euler equation in the slightly subcritical cases it should be clear that our system is locally well-posed for
2 (see, e.g., [2] for discussion and further references on subcritical local existence results). We will not study these relatively standard issues here, as our interest is in the breakdown of smooth solutions. Our main result is the following: THEOREM 2.1. Both in the periodic case (x P S 1 ) and in the real-line case (x P R) with compactly supported initial data . 0x ; ! 0 /, one can find smooth initial conditions such that the HL model cannot have a smooth global solution starting from those data.
Our proof of this statement is indirect, using an argument by contradiction, somewhat similar in spirit to the classical proofs of the blowup in the nonlinear Schrödinger equation [15, 27] , based on the virial identity. We do not get any detailed information about the nature of blowup. For the periodic HL model, the main quantity used in our proof is essentially
In view of the methods used in [10] the quantity
!.x; t/ x dx might look more natural, but we did not find a proof based on this quantity. A key component of our proof are the monotonicity properties of the Biot-Savart kernel, which are important in Lemma 3.4 and Lemma 4.2. Under some assumptions, a good quantity for a relatively simple proof of the blowup for the CKY model is an entropy-type integral defined in (3.7). Some information about the nature of the blowup can be obtained from BealeKato-Majda (BKM) type criteria [1] , which one can be adapted to our case. For example, for a smooth solution (with appropriate decay, in the case of R) defined on a time interval 0; T /, any of the following conditions imply that the solution can be smoothly continued beyond T :
See, for example, [11] for the proof of an analogous result for the two-dimensional inviscid Boussinesq system that can be adapted to our case in a straightforward way.
The BKM condition for the three-dimensional Euler is of course
For the three-dimensional axisymmetric flow considered in [20] this becomes
which, when applied in the context of the one-dimensional model, is a stronger condition than either of the conditions in (2.5). It is natural to ask whether in the context of the HL model
is a good BKM-type condition. It is possible to prove that the above quantity T 0 k!. ¡ ; t/k L I dt cannot stay finite if the main quantity used in our proof becomes infinite, but one could conceivably have some loss of smoothness while both our main quantity in the proof and T 0 k!. ¡ ; t/k L I dt remain finite. This is unlikely, but, strictly speaking, our proofs do not rule that out. A similar question also seems to be open for the two-dimensional Boussinesq system (2.2): it is not clear whether the condition
is a good BKM-type condition for the system. Another natural question one can ask about the nature of blowup is whether the analogue of the kinetic energy S 1 juj 2 dx stays finite at blowup time. Note that for the two-dimensional Boussinesq system (2.2) there is a natural energy (2.6) E h 1 2 ju.x; y/j 2 dx dy y.x; y/dx dy that is conserved for reasonable classes of solutions. This conservation implies that the kinetic part of the energy should remain finite for the solutions of the twodimensional Boussinesq system at the blowup time (if any). In the one-dimensional model we do not expect an exact conservation of some quantity analogous to (2.6) since it only models a boundary layer and not a closed system. However, if the kinetic energy became infinite at blowup time, it would clearly indicate a divergence between the one-dimensional model and the original equation. In addition, finite-time loss of regularity in solutions to Euler equations with infinite energy is well documented in the literature (see [7] for examples and further references). In the Appendix, we will provide a simple argument showing that for a class of initial data leading to finite-time blowup in the HL model, the kinetic energy stays finite.
Moreover, more is true: any L p norm kuk L p with p < I and the BMO norm kuk BMO remain finite at blowup time. The key to these results is the control of the L 1 norm of the vorticity.
The CKY and HL Models on the Real Line
In this section, we discuss the CKY and HL models on the real line. Our primary reason is to outline in the most transparent setting the ideas that will be used later in the rigorous and more technical proof of the finite-time blowup for the HL model in the periodic case. The initial data for which we will prove the blowup will not be in the most general class. We will focus on the main underlying structure and ideas that will be fully developed for the periodic case in a later section-but will also look more technical there. Our main goal is the proof of finite-time blowup for the HL model in the periodic setting, and this section can be thought of as a preview of the ideas and connections employed in this proof in a situation without technical distractions that one has to deal with in the periodic case.
To start with, let us study more carefully the Biot-Savart laws for both models. Motivated by the structure of the Biot-Savart laws, a change of variable is introduced so that the velocities for both models become convolutions. Using the new variables, we will prove the finite-time blowup of the CKY model using an "entropy" functional, and then prove the finite-time blowup for the HL model using another natural functional. We will study the situation when ! is odd and is even, i.e., !. x; t/ h !.x; t/; . x; t/ h .x; t/: ; s > 0:
Comparison of Velocities
We will use the following decomposition of M :
M. We collect some properties of the function M in the following lemma. The proof is elementary and will be omitted here; for the periodic case the corresponding lemma is the more technical Lemma 4.1, for which we will provide a complete proof.
LEMMA 3.1. The function M has the following properties: In fact, we will assume (without loss of generality) that the support of is in .0; I/. This can be achieved for many compactly supported initial data 0 .x/; one only needs 0 to be nondecreasing, constant near 0, and vanishing at x ! 1: Observe that 0 ./ in this case is nondecreasing and approaches 0 as 3 I; so in particular 0 ./ 0 for all : The normalization R 0 d h 1 is not important, but the condition 0 ! 0 will play an important role in our argument. It can be relaxed to the condition that 0 ./ has a "bump" of this form, but we will not pursue this here.
We also assume that the initial data 0 ./ is nonnegative and compactly sup- In this subsection, we use an approach different from [6] to show the finite-time blowup of the CKY model. Namely, we will prove that the entropy functional I.t/ blows up in finite time, implying that the solution must have a finite-time singularity as well. In addition, the above calculations show that I is strictly increasing and convex as a function of t. It is now easy to see that I must always become infinite in finite time.
In the original coordinates, we have
It is not difficult to see, using the blowup criteria (2.5), that I.t/ can only become infinite if the solution loses regularity. We will sketch this argument below in the next section when proving Theorem 2.1. We have proved the following result: THEOREM 3.3. For the initial data as above, the CKY model given by (3.4) with the Biot-Savart law (3.5) develops a singularity in finite time.
Remark. Due to the local nature of equation U h in the CKY model, it is not hard to see that a similar argument applies whenever is increasing on some interval and the initial vorticity ! is nonnegative on .0; I/.
Blowup in the CKY Model and the HL Model-A New Functional
If one tries to reproduce the above proof for the HL model, it quickly becomes apparent that the condition ! 0 seems necessary for the proof to go through. and one can obtain that F .t/ blows up in finite time by a standard ODE argument.
Quadratic Forms in the HL Model
Now we prove the claim in the last subsection. Let PROOF. Let us write h l g r , where l h . I; ; r h .;I/ :
We have U h U l g U r ; U l h K £ l ; U r h K £ r ;
and
We claim that in the last expression both integrals are nonnegative. Denoting by K H the derivative of K (taken in the sense of distributions), we can write for the first
as K a is increasing. The second integral is equal to
and we note that the integration can be restricted to the domain f < g as the integrand vanishes elsewhere. As K H ./ > 0 for < 0, the result follows.
Finite-Time Blowup for the HL Model in the Periodic Setting
In this section we consider the HL model in 0; L with periodic condition, and we will prove our main result-Theorem 2.1 in the periodic setting, i.e., x P S 1 .
Now u x is the (periodic) Hilbert transform of !, namely,
As a result, the nonlocal velocity u is defined by
!.y/ log jsin.x y/jdy:
In this case the change of variables of the previous section is less natural, and we will work in the original coordinates.
In this section, we consider smooth, odd, periodic initial data 0x ; ! 0 with period L. We note that such functions are also odd with respect to the origin taken at Thanks to the transport structure of (1.5), the evolution preserves the assumptions as long as the solution exists. That is, x ; !; u stay odd at x h 0 and By taking derivatives of x on both sides and observing that s x .x; y/ 0, we also deduce K x .x; y/ ! 0 for 0 < x < y < In addition, taking derivatives in x and using s x .x; y/ 0 shows K x .x; y/ 0 for 0 < y < x < The second lemma that we shall prove concerns the positivity of a certain qua- Remark. The positivity of the integral in (4.5) corresponds to the positivity of where we applied Lemma 4.2 to get the inequality.
For T 2 , we can find a lower bound using the Cauchy-Schwarz inequality: 
Appendix: On the Finite Kinetic Energy at the Blowup Time
In this appendix we prove bounds on the kinetic energy as well as other norms of the velocity u in the periodic HL model, showing that they remain finite at the blowup time. We will consider a class of initial data that is smaller than the entire set for which we prove finite-time blowup. With more technical effort, we can generalize the bounds below to a larger class; however, our main point is to provide blowup examples with finite kinetic energy. We therefore choose to work with the smaller class to reduce technicalities.
In the blowup scenario for the L-periodic HL model, we assumed that ! 0 and 0x are smooth and odd with respect to 0 and L=2, and ! 0 ; 0x ! 0 on 0; More generally, (4.1) also implies the bound kuk BMO C k!k L 1 : Indeed, it is not difficult to see that the function log jsin.x y/j belongs to BMO (see, e.g., [26] for the log jxj case). Then the formula (4.1) above and (A.2) show that u is a convolution of the BMO function with an L 1 density, leading to kuk BMO C k!k L 1 bound and so to (A.1). The bound on the L p norm of u for any p < I follows from the BMO bound.
